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Instructions

(i) Answer Five questions

(i) Write on both sides of the paper but begin a new question on a fresh
page.



1. Consider the following system of linear equations

T+y+2z = -1
T—-2Y+z = =5
z+y+z = 3

(a) (i) Write down the augmented matrix A for the above system. (1 mark)
(i) By elementary row operations reduce A to echelon form. (6 marks)
(iii) Use your answer in a(ii) above to solve the above syebes linear system.

(2 marks)
(b) Let A = Li _33] . Find the nonzero vector u = [ﬂ such that Au = 3u.
(4 marks
(c) Find the basis and dimension for the general solution of the homogeneous system
of linear equations
Ty + 27y — 3x3 + 224 — 45 = 0
2z, + 41y — Sx3+ 34 — 625 =
5¢; + 10zy — 1323 + 424 — 1625 = 0.

|
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(7 marks)

2. (a) Let A and B be n-square matrices. Prove that

(i) tr(kA) = k tr(A) for any scalar k. (3 marks)
(i) tr(AT) = tr(A) (2 marks)

(b) Prove that if A and B are n-square invertible matrices, then AB is also invertible.
- (3 marks)
(¢) (i) Let A= [g i] . Find the values of k for which A is a zero of the polynomial
f(z) = z* — Tz + 10. (4 marks)

00 2 0 1

125 23 3
(i) Let A= |3 4 0l and B= |4 5 6 1|. By block matrix multiplication
00
compute AB (5 marks)

(iii) Let M = diag(A, B, C) where A = [; i] B =[5 and C = [; 3]. Find

7
M?. (3 marks)




3. (a) Let A square matrix. Prove that
(@) | A7 [=[ A" (2 marks)
(ii) If any two rows or columns of A are equal, then | A |= 0. (3 marks)

4 3 2
(b) Let A= |3 —2 5|. By cofactor expansion, find the determinant of matrix A.
2 4 6
(7 marks

(d) (i) State Cramer’s rule. (2 marks)
(ii) Use Cramer‘s rule to solve the linear system

~2243y—z = 1
T+2y—2
-2Zz-y+z = -3

1
N

(6 marks)
4. (a) (i) Define an eigenvalue and eigenvector of an n x n matrix A. (2 marks)
(ii) Let A = ﬁ‘ g]
eigenvectors of A and if so, find the corresponding eigenvalues. (4 marks)

Ny [_31] and v; = [}J Verify that v; and Va are

1L o2 =
(b) Let A = [1 0 1]
' 4 -4 5
(i) Find the characteristic polynomial of matrix A. (3 marks)
(i) Find all the eigenvalues and associated eigenvectors of matrix A. (7 marks)
(iif) Check whether A is diagonalizable or not. (4 marks)

5. (a) Let V be a non-empty set and U be a subset of V. Explain what it means to say
that
(i) V is a vector space over a field K. (4 marks)
(ii) U is a subspace of V. (2 marks)
(b) Let V be a vector space over R. Prove that for any u in V
(i) Ou = 0 (2 marks)
(ii) (=1)u = —u (2 marks)
(c) Let S = {u1,us,...,un} be & set of vectors in a vector space V.
(i) Explain what it means to say that
e § is linearly independent. (1 mark)
¢ S spans V. (1 mark)
e §is a basis for V. (1 mark)
(if) Show that the set S = {t2+1,t — 1,2t +2} is a basis for the vector space P,
the space of all polynomials of degree two. (4 marks)

(d) Show that if S = {uy,ug,...,u,} is a basis for a vector space V, then every vector
vin V can be written uniquely as a linear combination of the vectors in S.
(3 marks)




6. (a) Let V and W be vector spaces and let T: V — W be a mapping.
(i) Explain what it means to say that 7" is a linear transformation. ( 2 marks)
(i) Let T : R? — R? be a function defined by
T(m,y) i (%v 3z +hT— 2y)'

Show that T is a linear transformation. (4 marks)
(b) Let T': R® — R? be a linear transformation defined by

T(z1,22,25) = (21 + 225, 322 — 213)
and let {e;, ez, €3} be the standard basis for R?, where e; = (1,0,0),e2 = (0,1,0)
and e; = (0,0,1). Find the standard matrix representing 7. (4 marks)
(c) Let T: V. — W be & linear transformation between vectors spaces V and W.

(i) Define the kernel and the range of T' and show that the range of T is a
subspace of W. (5 marks)

(ii) Let T : R? — R? be defined by

1 1 03 I,
Tt = 1Y 20" =] .
Ty 2 123 I3

Find the basis and dimension of kernel of 7. (5 marks)




